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Abstract
We have calculated one loop quantum electrodynamic corrections to the process γγ → µ+µ−γ,
where all photons are on mass shell and the muon mass is taken into account. The result is obtained
in the analytical form and is implemented as functions in the C programming language, which can
be used to calculate the cross-section, the differential cross section, and to construct generators.
We also present numerical results for corrections to the cross section and to the differential cross
section.
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I. INTRODUCTION
In this paper we consider the γγ → f+f−γ process in the next-to-leading order (NLO),
where the photons are on the mass shell and f± are fermions such as e, µ, τ . We calcu-
lated analytically the radiative quantum electrodynamics corrections to the square of the
amplitude of the process γγ → f+f−γ. The result was obtained as functions of Lorentz
invariants and the mass of the fermion f±. Analytical calculations were performed in the
Wolfram Mathematica using the LiteRed package [12] to reduce loop integrals to a set of
master integrals. The obtained analytical result was implemented as functions in the C
programming language. With the help of them numerical calculations were performed for
the scattering cross section and for the differential cross section of the process γγ → µ+µ−γ.
Using crossing invariance and analytic continuation of master integrals, we can obtain ex-
pressions for the NLO corrections to squares of amplitude for processes f±γ → f±γγ and
f+f− → 3γ.
The process γγ → f+f−γ can be treated as part of the process ee → ee f+f−γ in the
two-photon production channel with small virtualities of the photons. The overview of two-
photon processes was given in [1]. The scattering cross section of the process ee→ ee f+f−γ
grows logarithmically with increasing energy. Such processes can be observed by zero-degree
or forward detectors in existing colliders. Also the processes γγ → f+f−γ can be observed
in the future experiments on photon colliders. Processes γγ → µ+µ−γ and γγ → e+e−γ
will give background events for processes with a hadronic final state. For example, for the
rare two-photon process γγ → η(η′, . . . ) → µ+µ−γ(e+e−γ) we need to know corrections to
accurately account for the background.
At colliders with high luminosity, such as the C and B factories, the radiative return
method is often used. For processes of the type e+e− → γISRX (ISR is initial state ra-
diation), where X → f+f− decays into a pair of fermions, two-photon processes e+e− →
e+e−f+f−γ (with final e+e− undetected) will produce background events if the γISR is not
detected.
Using analytical results for the γγ → f+f−γ process, one can obtain expressions for the
square of amplitude of the e+e− → 3γ process in the NLO via crossing invariance. The
process e+e− → 3γ is the main background for the processes e+e− → pi0γ, e+e− → ηγ etc.
Therefore it is important to know the NLO corrections. On the basis of the result obtained,
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FIG. 1. schematic representation of the process γγ → µ+µ−γ.
a event generator will be made for the process e+e− → 3γ in the next-to-leading order. The
same radiative corrections to the process of the orthopositronium decay e+e− → 3γ were
considered in [3]. The corrections to the process e+e− → 3γ (and other processes obtained
by crossing) contain, in addition to standard QED corrections, QCD corrections in the form
of light by light scattering diagrams as well. Corrections of this sort at low energies do
not have good theoretical predictions, hence the accurate measurement of this process will
provide additional information.
II. DEFINITIONS AND RESULT
Let us consider the process of γγ → µ+µ−γ in quantum electrodynamics (QED) in the
next to leading order (NLO) see fig 1. We introduce the notation for four-vectors of particles:
k1, k2 — are the momenta of the colliding photons, p1, p2 — are the momenta of the final
muons, and k — momentum of the final photon. All particles are on the mass shell:
k21 = 0, k
2
2 = 0, p
2
1 = 1, p
2
2 = 1, k
2 = 0 .
We divide all momenta by muon mass mµ. Here and below we work with dimensionless
quantities and the dimension will be reconstructed using the muon mass. Next, we introduce
Lorentz invariants
s = (k1 + k2)
2 , s1 = (p1 + k)
2 , s2 = (p2 + k)
2 , t1 = (k1 − p1)2 , t2 = (k2 − p2)2 , (1)
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see fig. 1. Let us introduce the notation for the amplitude of the process:
Mγγ→µµγ = Mborn +Mnlo , (2)
where the first term is the leading order, the second term is the next to leading order
amplitude. The square of the amplitude summed over the polarizations of particles reads
T2µγ(s) =
1
4
∑
pol
|Mγγ→µµγ|2 ≈ 1
4
∑
pol
|Mborn|2 + 1
2
∑
pol
<(MnloM∗born) , (3)
where s = (s, s1, s2, t1, t2). The expression for
∑
pol |Mγγ→µµγ|2 is still quite large and is
realized as a function in the C programming language [6] (see Appendix). Since the quantity
T2µγ is infrared divergent, to cancel the divergence we need to add a square of the amplitude
with the emission of an additional soft photon:
T˜2µγ(s) =
1
4
∑
pol
|Mborn|2 + 1
2
∑
pol
<(MnloM∗born)+ T2µ2γ(s, ωmax, n) , (4)
where T2µ2γ is the square of the amplitude integrated over the momentum of the additional
bremsstrahlung photon with maximum energy ωmax in the reference frame characterized by
a four-vector nµ = (1, 0, 0, 0). Four vector nµ has normalization n2 = 1.
In this paper we calculated the following quantity
T2µγ(nlo)(s, ωmax, n) =
1
2
∑
pol
<(MnloM∗born)+ T2µ2γ(s, ωmax, n) , (5)
as a function of invariants s, s1, s2, t1, t2, maximum energy of bremsstrahlung photon ωmax
in reference frame nµ. The quantity (5) is the NLO correction to process γγ → µ+µ−γ.
The NLO corrections can be divided into three types
T2µγ(nlo)(s, ωmax, n) = T
(1)(s, ) + T (2)(s, ) + T (3)(s, , ωmax, n) , → 0, (6)
where d = 4−2 is dimension of the space-time in dimensional regularization, T (1) is the sum
of corrections with one fermion line, T (2) is the sum of corrections with two fermion lines
(the amplitude contains a subdiagram of light by light scattering), T (3) is a real correction
from bremsstrahlung photon with maximum energy ωmax. Expressions T
(1) and T (3) contain
infrared divergences, which cancel in the sum of T (1) + T (3). Let us extract the divergent
parts of the expressions T (1) and T (3):
T (1)(s, ) = −1

Φ(s, ) + T
(1)
+ (s) +O() ,
T (3)(s, , ωmax, n) =
1

Φ(s, ) + T
(3)
+ (s, ω∗, n) + T
(3)
2γ (s, ω∗, ωmax, n) +O() ,
T (2)(s, ) = T (2)(s) +O() ,
(7)
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where Φ(s, ) is defined in (19), the sum Φ(s, )/+T
(3)
+ (s, ω∗, n) is the real correction in the
soft photon approximation with maximum energy of bremsstrahlung photon ω∗  ωmax ,
T
(3)
2γ (s, ω∗, ωmax, n) is the real correction with bremsstrahlung photon energies from ω∗ to
ωmax. Hence the NLO corrections take the following form:
T2µγ(nlo)(s, ωmax, n) = T
(1)
+ (s) + T
(2)(s) + T
(3)
+ (s, ω∗, n) + T
(3)
2γ (s, ω∗, ωmax, n) . (8)
The result of this work is the expression for T
(1)
+ , T
(2) and T
(3)
+ implemented in the C
programming language functions using GNU Scientific Library (GSL) [13]. The source
code for these functions is available on the website [6]. An example of the use of the
functions can be found in the Appendix.
Corrections to the cross section can be represented as follows
σ = σborn(1 + δ1 + δ2 + δ3) (9)
where δ1 — are virtual corrections with one fermion line, δ2 — are virtual corrections with
two fermion lines (with a fermion box diagram) and δ3 — is a real correction:
δ1 =
1
2s σborn
∫
T
(1)
+ (s)dΓ3 ,
δ2 =
1
2s σborn
∫
T (2)(s)dΓ3 ,
δ3 =
1
2s σborn
∫ [
T (3)s.p.(s, ω∗, n) + T
(3)
2γ (s, ω∗, ωmax, n)
]
dΓ3 =
=
1
2s σborn
∫
T (3)s.p.(s, ω∗, n)dΓ3 +
σ2µ2γ(ω∗, ωmax, n)
σborn
.
(10)
Here σ2µ2γ is the born cross section of the process γγ → µ+µ−γγ, where a soft photon has
energy in the range from ω∗ to ωmax in the reference frame nµ. The value of σ2µ2γ can be
easily calculated using the package CompHEP [7–9]. Expressions for obtaining the scattering
cross section are presented in (24).
Numerical result for corrections to the cross section
Here are some of the numerical results obtained using the functions described above. To
obtain numerical results, we used the Monte Carlo method with Vegas algorithm [11]. We
use the following conditions for the final particles when calculating the cross section:
ωmin = 30MeV, θ0 = 10
◦ , (11)
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FIG. 2. Right picture is Born cross section vs the initial photon energy
√
s/2. Left picture
is differential cross section for Born approximation vs invariant mass of the photon and muon
s1 = (k + p1)
2. The energy of initial photons is
√
s/2 = 500 MeV. Different graphs correspond to
different restrictions on the minimum angle θ0 and the minimum energy ωmin of the final photon.
The figure shows that the position of a small peak is affected only by the value of the minimum
energy ωmin of the final photon.
where ωmin — is the minimum energy of the final photon, and θ0 — is the minimum angle
relative to the beam axis (θ0 < θ < pi− θ0, where θ — is the particle angle). Figure 2 shows
the dependence of the Born cross section on the photon energy
√
s/2 with conditions (11).
Numerical results for the corrections are
ω1, MeV σborn, nb δ1 δ2 δ3 δ2u
200 20.25(1) 0.0279(5) -0.00235(6) -0.00210(1) -0.000363(1)
300 29.73(1) 0.031(3) -0.00225(5) -0.0021(1) -0.000260(1)
500 25.93(1) 0.0277(8) -0.00173(5) -0.0046(2) -0.000173(1)
1000 13.90(1) 0.015(1) -0.00070(5) -0.0094(2) -0.000103(1)
Here ω1 — is the energy of the initial photon in the center of mass frame (k1 = (ω1, 0, 0, ω1),
k2 = (ω1, 0, 0,−ω1)), δ2u — is the correction δ2 with only u-quark. The following physical
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parameters were used in the calculation
α = 1/137.04 (fine structure constant),
mµ = 105.7MeV (muon mass),
me = 0.511MeV (electron mass),
mu = 2.0MeV (u quark mass) .
(12)
Note, that we considered only three contributions in δ2 : the contribution of the electron
loop, the muon loop and the loop of u quark (contribution of τ is suppressed by mass). We
made an estimate of the hadron contribution through the contribution of only the u-quark
(δ2u/δ1 . 0.01). The contribution of the remaining quarks is suppressed (if we compare with
the electron loop) either by charge (factor 1/81 for d, s) or by mass (for c).
For real correction δ3 the following parameters were used in the center mass frame:
ω∗ = 0.1 MeV , ωmax = 30 MeV , (13)
where ω∗ is the maximum energy for the soft photon approximation, ωmax is maximum
energy of the soft photon.
The numerical result was obtained using Monte-Carlo integration with the number of
points N = 50000 for Born and corrections δ2, δ3. In addition, the ”warming up” of the
Vegas algorithm with the number of points N = 1000 was used. When calculating the
correction to the cross section δ1, the integration region over the invariants s1 and s2 was
divided into 6 regions (see. figure 8). In each region the integration was carried out using
the Monte Carlo method with the number of points N = 25000. The integration region
has to be divided into 6 regions since the square of the amplitude is peak in the regions
s1,2 ≈ m2µ. All numerical results were obtained using the supercomputer of the Novosibirsk
State University NUSC [18].
Differential cross sections were calculated for the invariant mass of the muon and photon
s1 = (p1 +k)
2, as well as for the invariant mass of the two muons s′ = (p1 +p2)2. The results
can be seen in the figures 3 and 4. Small peaks in the plots of the differential cross sections
dσ
dx1
are associated with conditions for the minimum energy of the final photon (see figure 2).
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FIG. 3. Differential cross sections vs the invariant mass of the muon and photon s1 = (p1 + k1)
2
in the left picture. Differential cross sections vs the invariant mass of the muons s′ = (p1 + p2)2 in
the right picture. The energy values in the figures are
√
s/2 = 500 MeV.
III. CALCULATION OF THE NEXT-TO-LEADING ORDER CORRECTIONS
The next-to-leading order corrections can be divided into three types (6): virtual correc-
tions with one fermion line, light-by-light corrections and real corrections (production of the
additional soft photon).
A. Correction with an additional bremsstrahlung photon
Here we discuss the third term in (6). This term was calculated partially by the soft-
photon approximation method to extract the infrared divergence. We work in the dimen-
sional regularization with dimension d = 4− 2. Therefore equation for T (3) is
T (3)(s, , ωmax, n) = T
(3)
s.p.(s, , ω∗, n) + T
(3)
born(s, ω∗, ωmax, n) (14)
where ω∗ is the energy of the bremsstrahlung photon, to which the soft-photon approximation
is applied in the reference frame nµ = (1, 0, 0, 0),
T (3)s.p.(s, , ω∗, n) =
2
4
∑
pol
|Mborn|2 1
4pi
∫ ω∗
0
dω
ω1+2
(
f12(n)− f11(n)− f22(n)
)
, (15)
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FIG. 4. Differential cross sections vs the invariant mass of the muon and photon s1 = (p1 + k1)
2
in the left pictures. Differential cross sections vs the invariant mass of the muons s′ = (p1 + p2)2
in the right pictures. The energy values in the figures are
√
s/2 = 1000 MeV. The upper pictures
are on a logarithmic scale, and the lower ones are on a normal scale.
T
(3)
born(s, ω∗, ωmax, n) =
∫
d3k′
2ω′(2pi)3
1
4
∑
pol
|Mγγ→µ+µ−γγ|2Θ
(
ωmax− (k′n)
)
Θ
(
(k′n)−ω∗
)
. (16)
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Here ωmax is the maximum energy of the bremsstrahlung photon in the reference frame
nµ = (1, 0, 0, 0) (four vector of the reference frame has normalization n2 = 1) and fij(n) has
the following form:
fij =
∫
ω2d3−2q
2|~q|(2pi)1−2
2(pi, pj)
(piq)(pjq)
δ
(
(qn)/ω − 1) , (17)
where p1, p2 — are momenta of the muons. After integration and expansion in  we have
the following equation:
T (3)s.p.(s, , ω∗, n) =
2
4
∑
pol
|Mborn|2aΓ

(
1− 2 ln(2ω∗)
)(
(s− s1 − s2)R2(s− s1 − s2 + 2)
s− s1 − s2 − 2 +
+ 1− 
(
G
(
v, (np1), x1
)− 1
2
F
(
(np1)
)− 1
2
F
(
(np2)
)))
+O() =
=
1

Φ(s, ) + T
(3)
+ (s, ω∗, n) +O() ,
(18)
where we use the notations
aΓ =
Γ(1 + )
(4pi)2−
Γ2(1− )
Γ(1− 2) ,
v =
√
1− 4
(s− s1 − s2)2 , x1 =
1
v
(
(np1)− 2(np2)
s− s1 − s2
)
,
Φ(s, ) =
2
4
aΓ
∑
pol
|Mborn|2
(
(s− s1 − s2)R2(s− s1 − s2 + 2)
s− s1 − s2 − 2 + 1
)
,
G(a, b, c) =
∫ −1
1
dx
1− ax ln
b− cx+√1− x2 + (bx− c)2
2
√
1− x2 ,
F (x) =
x√
x2 − 1 ln
1 +
√
1− 1
x2
1−
√
1− 1
x2
.
(19)
The function R2 is defined in Appendix (37).
B. Corrections with one fermion line
QED virtual corrections with one fermion line represent interference of the amplitude M1
with the Born amplitude
T (1)(s, ) =
2
4
∑
pol
<(M1M∗born) = −
1

Φ(s, ) + T
(1)
+ (s) +O() . (20)
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FIG. 5. Examples of standard QED corrections diagrams with one fermion line
The amplitude M1 is the sum of the Feynman diagrams with one fermion line (see fig. 5).
The matrix element of amplitude M1 contains infrared and ultraviolet divergences. The ul-
traviolet divergences are canceled by counterterms, and the infrared divergences are canceled
by T (3)(s, , ωmax, n) (see equations (7)).
Since all calculations are automated in the Wolfram Mathematica, we calculated T (1)(s, )
instead of M1 to avoid tensor integrals. In M1 there are 48 diagrams with one fermion line
(for example see fig. 5). The algorithm for calculating T (1)(s, ) is as follows:
1. We perform summation over polarizations for all particles.
2. We compute traces of gamma matrices.
3. We reduce integrals with the loop momenta in the numerator to integrals without
numerator.
4. We reduce loop integrals to master-integrals.
5. Using the expressions for the basis integrals, we perform expansion in  where d = 4−2
is dimension.
6. Finally, we cancel all divergent terms ∼ 1/ and ∼ 1/2 using counterterms and
corrections with the additional soft photon.
Algorithm steps 3 and 4 are performed using the package “LiteRed” [12] for the Wolfram
Mathematica. In total, there are 6 families of master-integrals due to the permutational
symmetry of photons, and in each family of integrals there are 21 master-integrals see fig. 7.
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FIG. 6. Example of QED light by light scattering diagram
C. Light by light QED corrections
QED corrections with two fermion lines are expressed in terms of the following sum
T (2)(s) =
∑
f=e,µ,...
T (2)(s,mf ). (21)
Here mi is the fermion mass and
T (2)(s,mf ) =
2
4
<
∑
pol
M2(s,mf )M
∗
born , (22)
M2(s,mf ) = −Q4fe5u¯(p1)γµv(p2)e∗ν(k)eα(k1)eβ(k2)Vµναβ (23)
where M2 is the amplitude with two fermion lines, for example see fig. 6. There are six
diagrams in M2. They are expressed through three diagrams, which can be obtained from
figure 6 by permuting photons. The amplitude M2 is finite in dimension d = 4 − 2, but
individual diagrams contain ultraviolet divergences. Unlike the corrections with one fermion
line, these corrections contain tensor integrals. All the tensor integrals are expressed in
terms of integrals with numerators that depend on the scalar products of the loop momenta
and the momentum in the denominator (60).
For this type of corrections, we first calculate the tensor Vµναβ. The algorithm for calcu-
lation of the tensor Vµναβ is
1. We compute traces of gamma matrices.
2. We reduce integrals with the loop momentum in the numerator to integrals without
numerator.
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3. We reduce the tensor integrals to integrals with a numerator reducible to the denom-
inator (60) and again perform step number 2.
4. We reduce all loop integrals to basis master integrals.
5. Using the expressions for the basis integrals, we perform the expansion in .
6. Finally we cancel the ultraviolet divergences between different diagrams.
Loop integrals are reduced to three families of basis master integrals, see Appendix (50).
Further the algorithm for calculation of T (2)(s,mi) is
1. We perform summation over polarization in the following expression∑
pol u¯(p1)γ
µv(p2)e
∗ν(k)eα(k1)eβ(k2)M∗born.
2. Finally we perform convolution of indices in (23).
IV. CALCULATION OF THE CROSS SECTION
The expression for the scattering cross section can be represented as follows [10]:
σ =
1
2s
∫ (1
4
∑
pol
|M |2
)
dΓ3 =
=
1
2s(2pi)5
∫
δ(4)(k1 + k2 − p1 − p2 − k)
(1
4
∑
pol
|M |2
)d3p1
21
d3p2
22
d3k
2ω
=
=
1
2s(2pi)5
∫
pi dt1ds2
8s
√
λ(s, s2,m2)
Θ
[−G(s, t1, s2, 0, 0,m2)]×
×
∫
ds1Θ
[−G(s1, s2, s, 0,m2,m2)] ∫ 2pi
0
dλ1
(1
4
∑
pol
|M |2
)
(24)
where Θ(x) is the Heaviside function, λ1 is the spiral angle:
cosλ1 =
(
[~k1 × ~p1], [~p1 × ~p2]
)
|[~k1 × ~p1]| |[~p1 × ~p2]|
(25)
in the center of mass frame of the initial photons (~k1 + ~k2 = 0),
G(x, y, z, u, v, w) = v2w + u2z + u
(
(w − x)(y − v)− (v + w + x+ y)z + z2)+
+ x
(
y(x+ y − z) + w(z − y))+ v(w2 + y(z − x)− w(x+ y + z)) . (26)
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This function is related to the Gram determinant
∆3(p1, p2, p3) = −1
4
G
(
(p1 + p2)
2, (p1 − p3)2, (p1 + p2 − p3)2, p21, p22, p23
)
. (27)
The function λ(x, y, z) is
λ(x, y, z) = (x− y − z)2 − 4yz . (28)
The invariant t2 is expressed through invariants and the spiral angle λ1 as follows:
t2 = 1 +
2
√
G(s, t1, s2, 0, 0,m2)G(s1, s2, s, 0,m2,m2) cos(λ1)
λ(s, s2,m2)
+
+
(s1 −m2)(s2 −m2)(s2 − t1) + s2(t1 −m2)− s((2m2 + s1)t1 + s2(s1 + t1 − 4m2)−m4)
λ(s, s2,m2)
.
(29)
The representation of the scattering cross section in equation (24) was used for numeri-
cal calculation. The integration was carried out by the Monte Carlo method using Vegas
algorithm [11] (implemented in GSL library) over 4-dimensional space.
V. CONCLUSION
The NLO QED corrections to the differential cross section of the process γγ → µ+µ−γ
have been calculated. The result is obtained in the analytical form and implemented as
functions in the C programming language [6]. Numerical results were also obtained for
corrections to total and differential cross sections. The relative value of the correction to
the cross section is of the order of ∼ 1− 2%.
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APPENDIX
Description of functions
Here we discuss the implementation of functions that are the result of calculations. Source
code can be taken from [6]. The function
T
(born)
2µγ (s) =
∑
pol
|Mborn|2 (30)
describes the main contribution to the differential cross section of the process γγ → µ+µ−γ.
It is implemented as double born(double *vars), where double *vars is an array of five
numbers:
vars[0] vars[1] vars[2] vars[3] vars[4]
s
m2µ
s1
m2µ
s2
m2µ
t1
m2µ
t2
m2µ
.
The function T
(1)
+ (s) is implemented as two different functions:
T
(1)
+ (s) = T
(1.1)(s) + T (1.2)(s)
where functions T (1.1), T (1.2) describe corrections with a single fermion line. Several box dia-
grams with a single fermion line are implemented in the function T (1.2), since integrated over
the invariants of the finite particles, they give a large error. Therefore they must be inte-
grated separately. Functions T (1.1), T (1.2) are implemented as double nlo1(double *vars)
and double nlo1_2(double *vars) where double *vars is an array of five numbers:
vars[0] vars[1] vars[2] vars[3] vars[4]
s
m2µ
s1
m2µ
s2
m2µ
t1
m2µ
t2
m2µ
The function T
(3)
+ (s, ω∗, n) in the reference frame n
µ = (1, 0, 0, 0) is implemented as
double nlo3(double *vars) were double *vars is an array of six numbers:
vars[0] vars[1] vars[2] vars[3] vars[4] vars[5]
s
m2µ
s1
m2µ
s2
m2µ
t1
m2µ
t2
m2µ
ω∗
mµ
Here ω∗ is the maximum energy of the soft photon for soft photon approximation in the nµ =
(1, 0, 0, 0) reference frame. For an arbitrary reference frame the function 2×T (3)+ (s, ω∗, n) is
implemented as
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double ir(double s,double s1,double s2,double t1,double t2,
double E,double np1, double np2)
where
s s1 s2 t1 t2 E np1 np2
s
m2µ
s1
m2µ
s2
m2µ
t1
m2µ
t2
m2µ
ω∗
mµ
(n, p1)
mµ
(n, p2)
mµ
(n, p1), (n, p2) are scalar products of the four-vectors of muons p1, p2 with the four vector of
the reference frame nµ.
The function T (2)(s,m) is implemented as double nlo2(double *vars), where double *vars
is an array of six numbers:
vars[0] vars[1] vars[2] vars[3] vars[4] vars[5]
s
m2µ
s1
m2µ
s2
m2µ
t1
m2µ
t2
m2µ
m
mµ
Here m is the mass of virtual fermion particle. The value returned by all functions
must be multiplied by (4pi)4
α4
8m2µ
for the final result.
Master-integrals
Master-integrals for corrections with one fermion line
For corrections with one fermion line there are six families of master integrals, which are
distinguished by a permutation of the photon momenta. The first family of master integrals
has the following topology:
J123(n1, n2, n3, n4, n5) = J123(~n) =
∫
dDl
(2pi)D
1
Dn11 D
n1
2 D
n1
3 D
n1
4 D
n1
5
D1 = l
2 , D2 = (l − p2)2 − 1 , D3 = (l − p2 + k1)2 − 1 ,
D4 = (l − p2 + k1 + k2)2 − 1 , D5 = (l − p2 + k1 + k2 − k)2 − 1 .
(31)
There are twenty one basis master-integrals in this topology (see fig. 7). The remaining
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FIG. 7. Basis of master-integrals. The signature under the diagram is the vector ~n. Doted line is
the photon line.
topologies are obtained by the following changes of the photon momenta in J123:
topology changes
J213 k1 ↔ k2
J132 k2 ↔ (−k)
J321 k1 ↔ (−k)
J231 k1 → k2, k2 → (−k), (−k)→ k1
J312 k1 → (−k), k2 → k1, (−k)→ k2
(32)
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There are many basis master-integrals, but they are expressed in terms of a smaller number
of functions. Master integrals with one and two denominators are
J123(0, 0, 0, 0, 1) = aΓ
1 + 

+O(),
J123(1, 0, 1, 0, 0) = aΓ
(
1

+ 2 +R1(s1 − s− t2 + 1)
)
+O(),
J123(1, 0, 0, 1, 0) = aΓ
(
1

+ 2 +R1(s1)
)
+O(),
J123(0, 1, 0, 1, 0) = aΓ
(
1

+ 2 +R2(s)
)
+O(),
J123(0, 1, 0, 0, 1) = aΓ
(
1

+ 2 +R2(s− s1 − s2 + 2)
)
+O(),
J123(0, 0, 1, 0, 1) = aΓ
(
1

+ 2 +R2(1− s2 + t1 − t2)
)
+O().
(33)
Master-integrals with three denominators are
J123(1, 1, 1, 0, 0) = aΓT4(−s+ s1 − t2) +O(),
J123(1, 1, 0, 1, 0) = aΓT2(s1, s) +O(),
J123(1, 0, 1, 1, 0) = aΓT3(1− (s− s1 + t2), s1) +O(),
J123(1, 0, 1, 0, 1) = aΓT2(1− (s− s1 + t2), 1− s2 + t1 − t2) +O(),
J123(1, 0, 0, 1, 1) = aΓT4(s1) +O(),
J123(0, 1, 1, 1, 0) = aΓT5(s) +O(),
J123(0, 1, 1, 0, 1) = aΓT6(s− s1 − s2 + 2, 1− s2 + t1 − t2) +O(),
J123(0, 1, 0, 1, 1) = aΓT6(s, s− s1 − s2 + 2) +O(),
J123(0, 0, 1, 1, 1) = aΓT5(1− s2 + t1 − t2) +O().
(34)
18
Master-integrals with four denominators (boxes) are
J123(1, 1, 1, 1, 0) = aΓB1(1− (s− s1 + t2), s, s1) +O(),
J123(1, 1, 1, 0, 1) = aΓ
(
R2(s− s1 − s2 + 2)
(−s+ s1 − t2)(s− s1 − s2 − 2)+
+B2(s− s1 − s2 + 2,−s+ s1 − t2 + 1, 1− s2 + t1 − t2)
)
+O(),
J123(1, 1, 0, 1, 1) = aΓ
(
R2(s− s1 − s2 + 2)
(s1 − 1)(s− s1 − s2 − 2)+
+B2(s− s1 − s2 + 2, s1, s)
)
+O(),
J123(1, 0, 1, 1, 1) = aΓB1(s1,−(s2 − t1 + t2 − 1), 1− (s− s1 + t2)) +O(),
J123(0, 1, 1, 1, 1) = aΓB3(s,−(s2 − t1 + t2 − 1), s− s1 − s2 + 2) +O().
(35)
We expressed twenty-one master integrals through ten functions. Since we need only the
real part of the corrections to the scattering cross section, all the functions that will be given
below contain only the real part of the master integrals. Functions Ri, Ti, Bi are
R1(s) =
(1
s
− 1
)
ln |1− s| , (36)
R2(s) =

−√1− 4/s ln 1+√1−4/s
1−
√
1−4/s , s /∈ [0, 4]√
4/s− 1(2 arctan√4/s− 1− pi) , s ∈ [0, 4] , (37)
T3(t1, t2) = −Li2(t1)− Li2(t2)
t1 − t2 , T4(s) =
1
s− 1
(pi2
6
− Li2(s)
)
, (38)
T5(s) =
lnb(s)
2s
, T6(s, t) =
lnb(s)− lnb(t)
2(s− t) , (39)
where we introduce new function:
lnb(x) ≡

ln2
1+
√
1−4/x√
1−4/x−1 , x < 0
ln2
1+
√
1−4/x
1−
√
1−4/x − pi
2, x > 4
−
(
pi − 2 arctan(√4/x− 1)2, x ∈ [0, 4]
. (40)
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The most complicated function for master integral with three propagators reads:
T2(t1, t2) =
1
D3
(
S3(x1, 1, 1/t1)− S3(x2, 1, 1) + S3(x3, x31, x32)
)
,
D3 =
√
(t1 + t2 − 1)2 − 4t1t2, x1 = 1− t
2
1 − t2 + t1t2 + (1 + t1)D3
2t1D3
,
x2,3 = −−2 + 2t1 + 3t2 + t1t2 − t
2
2 + (t2 − 2)D3
D3(1± t1 − t2 +D3) , x31,32 =
t2 ±
√
(t2 − 4)t2
2t2
,
T2(1, t2) =
1
D3
S3(x3, x31, x32)
(41)
here we use function
S3(x, a, b) = R(x, a) +R(x, b) , R(x, y) = Li2
( x
x− y
)
− Li2
(x− 1
x− y
)
. (42)
Next we introduce functions used in the box master integrals:
B1(s, t,m) =
∫ 1
0
dy
y(1− y)s(t− 1) +m− t ln
(
t− 1
m− 1
(
1− y(1− y)s)) =
=
1
s(1− t)√D
(
S3(y1+, y2+, y2−)− S3(y1−, y2+, y2−)
)
,
D = 1 +
4(m− t)
s(t− 1) , y1± =
1
2
(
1±
√
D
)
, y2± =
1
2
(
1±
√
1− 4
s
)
,
(43)
B2(s, t,m) =
2
s(t− 1)√1− 4/s
(
pi2
6
− 2
(
Φ
(
X(s), 1/X(m)
)
+ Φ
(
X(s), X(m)
))
+
+ pi2Θ
(−X(m))− Li2(X2(s))− ln2(X(m))−
− 2
(
−pi2Θ(t− 1)Θ(−X(s))+ ln(1− t) ln(X(s)))− 2 ln(X(s)) ln(1−X2(s))),
X(s) =
√
1− 4/s− 1√
1− 4/s+ 1 ,
Φ(x, y) = pi2
(
Θ(−x) + Θ(−y))Θ(xy − 1) + Θ(−xy)(pi2
6
− Li2(xy)
)
−
− (ln(x) + ln(y)) ln(1− xy) + Θ(xy)(Li2(1− xy) + ln(xy) ln(1− xy)),
(44)
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B3(s, t,m) =
1
st
√
1 + 4(m− s− t)/(st)
∑
σ=±
σ
{
R(y2σ, 0)− S3(y2σ, x3+, x3−)−
−R
(
y2σ,
t
t+ s−m
)
−R(1 + y1σ, 0) + S3(1 + y1σ, x1+, x1−)−R(−y1σ, 1)+
+ S3(−y1σ, x2+, x2−)
}
,
y1± =
1
2
(
−1±
√
1 + 4(m− s− t)/(st)
)
, y2± =
t
(
1±√1 + 4(m− s− t)/(st))
2(s+ t−m) ,
x1± =
1
2
(1±
√
1− 4/m) , x2± = 1
2
(1±
√
1− 4/t) , x3± = 1
2
(1±
√
1− 4/s).
(45)
Expressions for loop integrals can be found in [15], except T2, B1 and B3. Expressions for
T2, B1, B3 can be obtained using [14].
The most difficult master integral is expressed through a linear combination of boxes
J123(1, 1, 1, 1, 1) =
1
b
(
a1J123(0, 1, 1, 1, 1) + a2J123(1, 0, 1, 1, 1) + a3J123(1, 1, 0, 1, 1)+
+ a4J123(1, 1, 1, 0, 1) + a5J123(1, 1, 1, 1, 0)
)
+O() .
(46)
This expression is obtained using the dimensional recurrence relation, where master integral
J123(1, 1, 1, 1, 1) in d = 6− 2 dimension is expressed through a linear combination of boxes
and J123(1, 1, 1, 1, 1) in d = 4−2 dimension. In equation (46) we use the following notations
a1 = −s(s2 − t1 + t2 − 1)
(
3− 3t1 − s1(2s1 + s2 + t1) + s(2s1 + t1 − t2 − 2) + t2+
+ (2s1 + s2)t2
)
,
a2 = −(s2 − t1 + t2 − 1)
(
−2s2(s1 − 1) + s
(
t1 + s1(2s1 + 2s2 − t1 − t2) + t2 − 4
)−
− (1 + s1)
(
s1(s2 − t1) + t1 + t2 − s2t2 − 1
))
,
a3 = s
2(1− s1)(2s2 − t1 + t2 − 2)− (1 + s1)(s1 + s2 − 2)
(
s1(s2 − t1) + t1 + t2−
− s2t2 − 1
)
+ s
(
5 + s2(t1 − 4) + t1 − 3t2 + s21(3s2 − 2t1 + t2 − 2)+
+ s1
(
s2(2s2 − t1 − 3) + t1 + 2t2 − 1
))
,
(47)
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a4 = s
3(t2 − t1) +
(
2(t1 − 1) + (s1 + s2)(s1 − t2)
)(
s1(s2 − t1) + t1 + t2 − s2t2 − 1
)
+
s2
(
1 + s2(s1 + t1 − 2t2 − 2) + t1(3 + s1 − t2) + t2(t2 − 1− 2s1)
)
+
+ s
(
s22(t2 − s1)− 2 + t1
(
2 + (s1 − 4)s1 + 3t2
)
+ t2
(
1 + s21 − (1 + s1)t2
)
+
+ s2
(
3 + 2s1 − 2s21 − 3t1 + (4s1 + t1 − 3)t2 − 2t22
))
,
a5 = s
(
2t1 − 2 + s1
(
1 + t1 + s1(2− s2 + t1)
)
+ s2(t1 − t2) + t2−
− (3t1 + s1(3 + 2s1 + t1))t2 + (1 + 2s1 + s2)t22 + s(1− 3t1 + t2 + (s2 + t1 − t2)t2+
+ s1(s2 − 2t1 + 3t2 − 2)
))
,
(48)
b = 2
(
s3(s1 − 1)(s2 − t1 + t2 − 1)−
(
s1(s2 − t1) + t1 + t2 − s2t2 − 1
)2−
− s2(3 + s2(t1 − 3) + 2t1 − (3 + t1)t2 + t22 + 2s21(s2 − t1 + t2 − 1)+
+ s1(s2 − t2)(s2 − t1 + t2 − 1)
)
+ s
(
2(s2 − 1)(t1 − 1)−
− (2(2 + t1) + s2(s2 + t1 − 5))t2 + (2 + s2)t22 + s31(s2 − t1 + t2 − 1)+
+ s21(1 + s2 − t2)(s2 − t1 + t2 − 1) + s1
(
2 + s2(s2 − t1 − 3) + 4t1 − t2−
− (1 + s2)(s2 − t1)t2 − (1 + s2)t22
)))
.
(49)
All expressions for master integrals were verified numerically using the Fiesta 4 pack-
age [17].
Master-integrals for light by light corrections
Since the number of diagrams reduces to three, we have only three families of master
integrals differing by replacing the photon momenta. The first family has the following
topology of integral:
I1(n1, n2, n3, n4) = I1(~n) =
∫
dDl
(2pi)D
1
Dn11 D
n1
2 D
n1
3 D
n1
4
D1 = l
2 −m2 , D2 = (l − k)2 −m2 , D3 = (l − k + k2)2 −m2 ,
D4 = (l − k + k1 + k2)2 −m2 .
(50)
Here m is the ratio of the fermion mass (e, µ, τ) to the mass of the muon. In topology
I1(n1, n2, n3, n4) there are nine basis master integrals. The remaining topologies are obtained
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by the following changes of the photon momenta in I1:
topology changes
I2 k1 ↔ k2
I3 k2 ↔ (−k)
(51)
The basis master integrals are expressed in terms of the already introduced functions (36)–
(45) as follows
I1(0, 0, 0, 1) = aΓm
2
(1

+ 1− ln(m2)
)
+O(),
I1(0, 1, 0, 1) = aΓ
(
1

+ 2− ln(m2) +R2
( s
m2
))
+O(),
I1(1, 0, 0, 1) = aΓ
(
1

+ 2− ln(m2) +R2
(s− s1 − s2 + 2
m2
))
+O(),
I1(1, 0, 1, 0) = aΓ
(
1

+ 2− ln(m2) +R2
(
−s2 − t1 + t2 − 1
m2
))
+O(),
I1(0, 1, 1, 1) =
aΓ
m2
T5
( s
m2
)
+O(),
I1(1, 0, 1, 1) =
aΓ
m2
T6
(s− s1 − s2 + 2
m2
,−s2 − t1 + t2 − 1
m2
)
+O(),
I1(1, 1, 0, 1) =
aΓ
m2
T6
(s− s1 − s2 + 2
m2
,
s
m2
)
+O(),
I1(1, 1, 1, 0) =
aΓ
m2
T5
(
−s2 − t1 + t2 − 1
m2
)
+O(),
I1(1, 1, 1, 1) =
aΓ
m4
B3
( s
m2
,−s2 − t1 + t2 − 1
m2
,
s− s1 − s2 + 2
m2
)
+O() .
(52)
Tensor momentum integrals
In corrections with two fermion lines there are tensor integrals in contrast to the correction
with one fermion line. We introduce the following notation for the integral I1[.] with various
integrands containing the argument of the square bracket in the numerator, with l being the
loop momentum. For instance:
I1[(l, p2)] =
∫
dDl
(2pi)D
(l, p2)
Dn11 D
n2
2 D
n3
3 D
n4
4
, (53)
where Di are defined in (50) and Di do not contain p2 momentum. There are the following
tensor momentum integrals:
I1
[
lµ
]
, I1
[
lµlν
]
, I1
[
lµlνlα
]
, I1
[
lµlνlαlβ
]
. (54)
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Let us introduce the following denotations:
mij = (ki, kj) , k3 ≡ k, i = 1, 2, 3. (55)
The metric tensor gµνd−3 ≡ gµν⊥ has the following properties
gµν⊥ kiµ = 0, g
µν
⊥ gµν = d− 3 . (56)
The metric tensor transverse to the vectors ki can be represented as follows
gµν⊥ = g
µν − kµi (m−1)ijkνj . (57)
Here and below summation over repeated indices is implied. Let us present the projection
of the vector l onto the subspace of the vectors ki and its transverse complement
Lµ = kµi (m
−1)ij(l, kj) , l
µ
⊥ = g
µν
⊥ lν . (58)
Squares of the projected vectors are:
L2 = (l, ki)(m
−1)ij(l, kj) , l2⊥ = l
2 − L2. (59)
Values Lµ, lµ⊥, L
2, l2⊥ are expressed only through scalar products (l, ki), (ki, kj), hence
master integrals with Lµ, lµ⊥, L
2, l2⊥ in numerator are reduced to basis master integrals with-
out tensors in numerator (the reduction of the numerators is done automatically with the
help of the package LiteRed).
Tensor momentum integrals (54) are expressed in the following way (see Appendix in [16]):
I1
[
lµ
]
= I1
[
Lµ
]
I1
[
lµlν
]
=
gµν⊥
d− 3I1
[
l2⊥
]
+ I1
[
LµLν
]
I1
[
lµlνlα
]
=
1
d− 3I1
[(
gµν⊥ L
α + gµα⊥ L
ν + gνα⊥ L
µ
)
l2⊥
]
+ I1
[
LµLνLα
]
I1
[
lµlνlαlβ
]
=
1
(d− 1)(d− 3)I1
[(
gµν⊥ g
αβ
⊥ + g
µα
⊥ g
νβ
⊥ + g
να
⊥ g
µβ
⊥
)
l4⊥
]
+
+
1
d− 3I1
[(
gµν⊥ L
αLβ + gµα⊥ L
νLβ + gνβ⊥ L
αLµ + gαβ⊥ L
µLν + gµβ⊥ L
αLν + gνα⊥ L
µLβ
)
l2⊥
]
+
+ I1
[
LµLνLαLβ
]
.
(60)
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FIG. 8. The figure shows the method of splitting into regions for integration in the s1–s2 plane for
the energy
√
s/2 = 500 MeV. Orange color indicates the physical region of the invariants s1 and
s2. Regions No. 5, 6 give the main contribution to the NLO of the cross section.
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